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. Fhud 2 "ka/l\jmi' Vector at point P ,where O
+= 0.1 —J:ot' _?—:3(4:> -'-—"<e3tj ’ﬂ'z—-ﬂt/ h’l‘b> .
What is an ec'ua{-{o/l for the line st P 7
F') = < g et Ry e, -,jg >4
F/(04) = <3.63{0'4)/ 3(e)*=1, 55 7

?‘(0,4): g , =097 5 102

CT%‘:: ;(O.U: <€3(0‘0 Y @'{)3“(0'0’ aLad 2
6}’ 2 <ep-3JaO,O99)"2-3O3>"

Then, '&he ejua{'fon O‘F 'Hﬁe. M IS
W
i 0.3 on. —0.97 ¢ _2.303+40 ¢t ).
v st veafe SR dta Ty 0.099-0.9%%, v

—_—

\f Ff('&o) ‘:#-'O an d N con'n‘::'nuous at ‘Eo, the ’l:a/]je/l-i:

Jectors nesr P will ke close to the +tangert vector

a4 P. This means the 3ra‘oh is seooth at P,
M

Fafbf/\ of a vector func%fon
_[;)’(—&)%@ (s <ontinuous .

__,.~/_/ J
A smooth ®urve IS the 9

?(t) on any interval where

The araph ;s considered plecewise smoo th b
Vi : nite A

i{-‘ +he interval <an be__ﬁ)ciavlcle«cl into @ f.m e Number

{Subin—(zerva\s where F e smootlh

B Gl RO Do e o e i



D
et e,ScrIbe, wfneJr[Aer + he jra,o’n Of fmc,%m/;
Fl)= {319_)1, rsint 5+ (ette £y L

s smooth 'for sl ke

® The deriyative F (¢
B Bl)F0 for allte

) must be centinvods

A (t3t2) = 3%
al sint) = cost ) T hvs
o (it =
d (e -e '&>: e'b-(-i)e'"f— ette”
dt
/ 3 2 Lt
Py o Bk e Y i
L
All Po!jnomial trigonometric ‘éxr:oneﬂ‘ff@'
sous for all €.

+s orlC F (.{:) are centin

componeh
?’(0):< 0, 4, o> + O for t=0 .
cor sl £y F/(t) #0 Then)E s swmooth -
T s el L e
P} = 20E AF‘(“ O :.i(ff@ LY
4 () dt dt i e[.&z) /
e 4 (PERYS BRI L (0
dt A2 JL3 J =77\ derivatives

by ey R

_— Pry= < 13, cos(3t),
Gy E & Bt —3sin(3t), 4e +> )
il e G, E BT 629>,
F’”(—&) S 2?5{/\(3@ ) 64@4"’ v

,_/\—”NW




e sl

Rules f of Du{ F eren-tiadin 9 : @
L&’t __f;n) an (ﬂ 8 be VQ.C'EO(_ ’F\)AC{:EOAS J h be SCSI&]‘ ’]DUAC%;OA) @/](J
are c;[f»ffgrﬁn{ialole fun ctions ©N t. Thes . al?fbgs/ h;; ?051

2.2 ae slso differentisble at €
/(-t) - a?/(f) e }Dgr’({:) For a/b éfﬁ; (]ine.arf#j)

(a-;+ b8> o "

(hf,})/ (%) = h'(t) F({)-Hn(«e)j’(i) (scaler moltiple )
(P8 /&):(?I.Eﬁ(ﬁyf(ﬁ;<32(£) (dot prodvet)
G;) X@j),(—t) :(HI;’X-C?> (t) + (l: X 6’) ('t) (cross. Praddc:[:)

[? (h(%))]’ = W(t)-—}g/(h(f)) (chain )
PR g e T
. snction’ F(t) is Jifferméiable

l-f the NWopa—=Zelro \(ec tor ‘f & A
e A Fix)

stant len.j-{:la , thea

and has 3 cen
for some constaat ¢, all-l:)

fF@ll=e (
?(f)--?'(t) =o (7)

—

(Bt et = Flan T
= (c‘)r:[F(f) - i(’c)] ! it g
£ (&) F(¢)

o 0 = F:('t) ¢ FE)+
=> P

=) 0 =2 (F’(-&) 'F((f))
F(e) - F(8)=0

- -,

B4 L Fle) .

_/—/‘—/’-v'f S L —ciy




\fﬁc{or’ Motioca : @

il obJ-eat.s positien at time t s given by
the vector func-l:loa e (-b) ’
+ The posltnon vector is r({;), and the velocity

—')
dt

v Tle Velocrﬁj vector is ‘EarUcM-l- to the obj-ed:'s

J

'\‘:raj'ec.{:of-& :
. At aay time +, the
of the VC-IOC-I"&\Ij %

The direction of motioa is givea 'aj

—
Vv

—
1kl
e The ac.c:e.le.ra
4 av. ]

speed is || V|l , the magnitvde

the valt vector:

Lion is the derivative of velocity

= — ___....—-—O 2

T Ar T Eee
At pomi' Po , the ‘E?’\gm-& vector F)'(fo) is or-ého\?w|
Lo the rad;us yec tor r(‘to)

2 Ve

_7({:) ‘ PO.Si'vf:fOA yector

=
= _ A . .
V = -;—-'{':" - Vetacl‘ﬁj ?(‘t) = 53
TRl R e X
j,;._ dire c £ion of mo tion at ay time t .,
W)
— —
3 = _‘:'1__\{. - d* 5 . aceceleration

dt dt Vec.tor



Position Vector *

3@L= < fite) , Fafe), falt) 7

Velocity vector :
Tey= Tie) = <Fi10, f2/® 50>
Speed ¢

17 L=l @1 = V] e L]+ L]

Acce leration vector :
?(‘t) = _\;’({:) = ?N({-) — < ,ﬂ/l(,&)) 'FQ.”({')/ 'F3H(‘f:) > .

Direction O'f motion (FS Lthe vnit Vec%gr> :
—
.5

2l

e i ——

/ : 1 _
Ex- Using apoticles position -r?(t)-*—‘ 4%, sint) cost >, Find
*
the Velocity, speed, atﬁw and direc tion of motion

at t=1.
V(&) '—"-—lj(t) =2t ,cost, —Sint >

”?(6)[[ = \| (2¢)2 +t(eost)? +(5|'/1£)2 .-_\fg—tl_ﬂ—

IS = Vet =Vs (¢=1), (s % 2.24
Nk ) = L2, —sint, —cost >

at t=1

V)= <2.() s eos(t) y-sin(1) 7 =<2, 054, 0.84>
Tf’_ga) L8, 05, .O.Sz,>:< 2 0‘54,_‘2-_%_{:_>
Wy ()l \5 2.2 * 2.2 " 2.2, 7"

W



\ec tor lnfejrafs ek E("—'):<ﬂ({:)/fz(-k),ﬁ(—t)>,
whee fi [{:),fl(n‘:),ﬁ({) ace condinfous on £ t £ B -

The in&efin‘m‘:e, [f]%ejral

SF({:) o TRt s (fa0u , [Fadty+C.

~ £Cj,Cp,Cz> Ay constant vector .
3 b,

Here. ,
'M\Iar[ﬁ, cla-fm.{e. m'!:e:fral

ij(e)u— —<§ﬁ(+_)4£ y f f2(£)dt, ffs(f)alt>
L ——————

&l Find the ‘“'&‘ff‘a 05143 F({-)- '[: i «—jf_ 5 + coSt bk

f”';;’[,&) A Ay  Ft)  Fa®)
20
= TR S
gh&) 0B, lo '?s_" wlg

f {-‘z(t)“f (3e’*)<14: =r3e ] ‘“3(3 e?)=-3E" 1),
= — (shal - sino) = O

g fz&)“f (C"S*)A‘E“' ’-Smél =0 =0
Then, 5’“”?& = 2T - 3 )T

WW

T



& Ex. Let the Vé’OC:'ch Vvector be
V)= cost 7 + oA }) B Ty
and +he initial pesition vector be
R
f'(o):‘ XL -—33‘ + L
Compyute the QWOF alt) , and the

pesition veetsT FE).
/ 2 + 3 3t —3>
() = Vi) = <-sint, 37,

- — — —2
F’(t):—-\r)(-&) = ?-(-t)—‘:;\f(f)d{--]-c
— 3
=3 ?(f) =f(cos%?+e,3*-‘?-3é Ljdt+ o

Csint L3t - 3{'2 Sk Loy,a8,68 2

=Y r(t 3

or';-”(.e) = (smf:'f'c:{)z. t(%e f+c:z)7+- =5 +C3)b-

st £=0 : Tlo)= (SM D (4 +Cz)r+(-3(o) rez) ke .

We kaow = ?(o) ::_21{ —:éj‘ -i—l{a . Thea .
by R o cy=2
. v Cz: _3‘"_:‘.- = “ﬁ
../L +€o = 3 —— 2 3
3 ke
O+ &3 -_-'-1 S‘.—-....-/l-...
ol =k - -
v TlE) = (s.’n£+2)i +(:‘3—e3’5" .‘E‘E)j +(~—-§§ch +1>k/

an,cl
({) (——.Sm{:)fr_ + @S v J + (Hg,)k

[ ]

M



ch.10.4
Unit Ta/\\c)en% Vector @rd  Unjt Noma[ Vector :

S
For a smooth curve defined by r(t):
S e | |

F’f{«e) S

oy
*» The vunit ”:a/lje/l{: vector 1Is |T() = =
L) ||

ﬂ(t):i(_t_l__{.

ll?’(tLHJ

v The ]erfncfloal onit nomal vector |s

——

Ex . Determne £
== e : | vector
prmcapal ont Norma

‘F(-&) = < Rcost, ch/,Zsin-l:> ot esch Pa,'n-é on its curve .-

he vait 'f:aﬁﬁen«(: vector :?(-{;) and the
Eu(-t) for the vector fmc-éfo/l

Tie) = L -2sint, 2& 2005t >

”uij(‘t) | = \( Lsintt + 42 -r[,cc?\sg'-k_q

\ 4 (sin®t reostd)t 4"
\ 4+4t2 = (4(1+t3) = 2\{+rt?

:?(‘&) 2 F}({:) L —~2sint , 2, 2cost -
Hrr(’b)n 2\[,”.4:1
e ela sl L o T

+42

_a —

1+ +2
™ N — \../_-"",-‘_F
—~cost ('J'I-i'tz) = (""5{“'&) %2 ﬂ(—co.S":)(‘IH:?)T tsint
—— T J

e

—
—

J -:sf,nJc ) )
Te TIL A 1++2 32 (1+€2)3/)
<&
__eL(,_,:f-:._>: IN+€2 = t. 7.
dt \{1+€2/ ~ (+42 (1+€2)3-
d ( CoS'&) G—sfn’c)w«ru = Epst —{-'5——1 (—-smf)(ﬁic?‘) ~toost
- Ll B oA



(60)
”T ‘ﬁ)” —(‘E\S{:) (4+-&7‘)+{781n-& [:( { ]i‘[(ns"/lé)(“fz)“éc"-’f]z

(It42)3/2 1+£2)3/ [{142) 3/
— _—”,(
I 7' @]l

Parametric Arc Lenj-t‘:h
M

In JR (OF in 20)) afc,u‘j’éh 10 sny curve K given b}j
(For & .curve Y= f(x)) on interval XE XL B
f
S = S \ 4 (iﬁ JdX .
Whea x=X(£) , 9=y (¢) (premetric form ),
o, ey odx g g
B e T e s .;—‘E—:Fo)

—

de T dx 4t % . dx
Jt

afor w/ arclen\cj{h is determined bj

(wexsp) Szgﬁ{ﬁ " dx _5{‘“)2 df c.ii)df

X

(dx dt

(in 20)

e _( \(’:lf: 2+ 4{- (ili]z =¥

For x=x(*), &:&{-&)/ z=2(t), and 4 £tL t2.

in BD)



I Ex. Find the arclm\rj{—l/. of the curve
| Ll —E({:) " b c;:_';-é/ 4.e Seint, 2e._3"">
e e W WE)
for .08 % 9 Hiat'? S’MPllfﬂ;S'MP 'fY s then inteq rate .
7 3% 12, ‘
= -Sf T B P -
- § AT R T
x'(t) Y/(t) 2/ ()

[Ae (:05'(:} _ j2e S%eost + 46-3{- (-*SMJCJ

=3t colt
[46 smt] "126. sm-{:'f“ée ( )
cH:

dt[ie-af_’[ - —-6e
= Py (t) = < b (—3::054:—-31,'11&)) e 3&(-—351/11‘: -]—Cos.[:> s —-3-&)
” RI({:)” =

by AX("&) )

e :JLJ&}
s df

‘e)= 4 2@)
~3E 2'(¢) Jf(

\1166—6-6("3c037’:—3fn£) +: 166 ("3$Iﬂf+®~f'£‘) +36€,66
e o ﬁé(?cost{; +;3152éé+5i"n2'6‘)
(16 (9sint-3sipkeast taus't) 136

3 1 [artprt) et Jr i

- e Te(ariyrse = et i
—)

5 @) = the"

% 2
8= 5214.6_-3%0['6 = 44-(‘—34—)83tl
0

0
5= ___% (6*3.(2)# 8“3-(0)) s __%,_ (e" 6 {)

e

I

—_—
—_—



@
Ex . Repuametrize the helix
R —
C(t) = < eost) sint, t >
Wv“—/\
using the a.fclej\\j-{;h s, with & measved from the
.Fo'm% PO:(fl,O,O) as + Incresses,

/L) = < —-sirt, cost, 1 >

Hr’(—é)”:: \[(-—sm-&)"—k cps-l:)”-+4 \J«Sm -(r+c93 “t+1 f\[‘

$ s
s(e) = § @l dot

Q

* = = =zt =t==
5(,[__): 5 \(chO( = Y2+t » o

O \__/‘\../\"-—"'

The P"?"% Po = (1,0,0) cerrespends to t=0 n the
orijfnal Ioafarnexl:rfa-a"::'on becavse

Ploi = & abi o), SB) s> = 1,007
Thena ,

pos | : S S

F(S)- c:os( JS"‘ (@_>/ 3
W

e el Bl LR e R T T e

Eor -8 Pfe,c:-e.Wf,s-e-'SMOO'th curve F'(S) P@’aMe.-l:Pféed

b3 arc lenalslf\ - &

: dr
The oni € ‘EM&CA‘E vec tor IS T = 4’; J

e
o The P.r‘;n.;f;iIOa' vni t ﬂorm&] vector satistjes

— —
AT N where # is the curvature .
ds Here , &« t“%” Here , K =K (s).



An ob'j'ec-(: Mmoye S aJonj > Smeoth curve C,

wi£h position —func-éion Tj@;) = <x(t),3(-l:)/%('t)> and
(""(-{-) on [‘bl,'ﬁzj. Its SPee,c.l 1S

conbinvou s

A smooth curve (B jba,ramtrize& 133 arc ["—“\jH“ s

has & vnit 'Eaf\f)mﬂl: Vec tor ?cs) whese direction

changes with s. The cate of +this th"ﬂ"‘)éf/
as

me asves the cvrvature o-f the curve .

A straight line. has zere curvature ywWhile sharper

bends results in jre.a{;er- curvature .

2 2
,:Y.-z (&
_For‘ & cufrve c/
For a\ir\eL-;A:I:j-o HQLI'“"‘:+< is |ar
T ds ﬂ_e
S where the curve 1S
Sh?‘f"n bent.
L) /
| Freo |

W



@

x " Find the corvature of the circle with redus a.

F(’k) :-_<ac:o.s’!:/asm't>
?f’(t) = <-—asm-i:/ QA cosSt >

I @] = (Casnt)+ (scost)> =3

i "":’, :
s BHE & -asint jacost > :
i el : = <sint, cest>

Tit) = L —eest, ~Sint> ST l=1

ol -
12 || S

el SRR S SR

Let C be @ smooth curve 2ard graph of C(£).

Then T X GUW”‘”@% K=& ()
e | K

L e e e e

Find the curvat vre O'F the helix
T?(-[;) — £ acoSt, asint, bt > .

W

The graﬁ:h C of 3=£0x) has
lcjul ; §%f~+¢(x)$
[_ @ 3/2.
whea £, F" (or 5!3}311) s



i)(_- Eind 4the X ceerdinate of the pPoin £ 07[‘ .
M aX IMUA corvature (c:a” t Xo) on the curve
i . («for any constarts @ 3nd b) and find

the maximum curvature K (Xo) .

X I
9= bt a-e’b GK:'*l&" 37 , K=K (x).
J’ = a.b.ebx ; LH(&;)QJ 3
3”: a.bz.ebx
sE2, ebs
e ;' oA
4(.()" (1'*‘ azbaasz)S/z quﬁi.'e/vl- 25
) / /
2 2l X . f #j‘f
%?X._mabse"’x 925%h2eX -4 (f1=10
)_ % x\5/2 9
(4 + azb"efzb )
K'(x)=0 =5 § gt lptte~ 4= O
| e 2l s
i - 23%b?
A
— 2’0)&_0: In (W)

Xo Fives the
X coordinate

o " o-f the point
—#‘) O'I['\ M.:)xr.?m UAA
cCurvature z
’Thﬁn J SUbﬁ’H'EU'EMj Xo into d{(x) "
bXa) Maximv
& (xo) = jbz e ( i CUFVa%::g
(H 511 zezbé(o)):iﬁ,



6
Cuwrvatvre Formvlas O

9 S E e ST g B AT e e
o '-lj(’c) ) Tj (+) ; two— derivative §
) s | |
3) 4{({) i }_l__?!(blxr i ('L‘) IL) r'(.{:) 5 Cyos S "CJe/Jr\fS‘él.J‘-e.
NFiee)| S
| uA 0
4) K= 1971 y=§0) s functional

[ @n*]™

X=x(£) | pPyewetric

5) «(,C).;JX’gj”-—:j'X”l ) §=9()
[(X’)’*-r(g’}’l] 32
6) K(r)= ha ok Lenll BN ey TN ©L

-—'—Ql_‘_ l_,[?-)3/7_

M/W

- ) —--\{
$(t)= plle N(t)= T-_)({:)
e e i e
UﬂH‘ Un;,{:
4:anﬁe/u+ norma |

Ve ctor Vecetor



_{
<
5
2
o
R
+

curvé

W l’.vJe_ f

Jrlf\Q CUFV@'&\/}"E, % Mmeajue S "E.kﬂ ra{e- a-é
which 4he curve beads away rf}arv\. the e T

a4 CON) POin{' P When g+ o , then CK =0 .So0, curve
' __redvce

e

‘to a
Ex. Find the curvature & o‘F an hel'x Ine .
’-—.-’--— .

g

Pl)= Cacest) asint, bt >
D T

_-3 L
ik ¥ [ Fid ¥ T frst. The, Tl wmd TS
I - ; |
U\g:m-hhle, alse Majmhf&a o-f rf
’fhe,feqcofe,gat tj{._H _,: ,—n“ 2 5
il el 7 A

lfre)
rame
J

@“al peeiy )

§

D PU c:lzcu[
aﬁdPeﬁ’nf'l:
vecter

ST7 ] S b
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